We consider the classical incomplete higher order Gauss sums 
Introduction
Let N be large (not necessarily an integer) and fix m 1. As an application, sharp uniform estimates for incomplete quadratic Gauss sums were obtained of the shape 
©
Among the papers dealing with more general m 1¢ we mention those of Deshouillers [5] and Moore and van der Poorten [12] . The former provides asymptotic analysis for fixed values of τ rather than for τ 0 © For interesting connections of (1.6) with a variety of areas in mathematics and physics, see Oskolkov [13] , Berry and Goldberg [2] , and the references within [3] .
The following graph for the incomplete Gauss sums of order m is analogous to Lehmer's graph in (1.2):
but it is harder to pinpoint the spiral locations in the general case. Traversing the graph 
In Section 3, we prove the following theorem, which gives good estimates for incomplete Gauss sums of order m in the vicinity of either of the two spirals surrounding the primary condensation point S m 
and so Theorem 1 yields the following precise estimate for the location of the primary condensation point S m
Note that in the case m ¥ 2¢ Corollary 2 is in agreement with (1.3) and (1.5).
In the example with m
2000000¢ the primary condensation point is at 53
be any function such that dN 1¨m is an integer with
Then by (1.11) with B 
The terms remaining in the tail combine to contribute relatively little, due to enormous cancellation from the effect of the vortex surrounding the primary condensation point.
Lehmer [10] and Loxton [11] explained this cancellation geometrically by showing that there is a disk of small radius that contains a vast proportion of the spiral surrounding the primary condensation point. We do not appeal to their geometric argument in this paper, but include it in the Appendix, since it provides an interesting perspective, and because it can be used for explicit calculations such as the determination of c in (1. 
A straightforward application of Theorem 1 yields the following asymptotic formula as N ∞ : 
Properties of these polynomials are discussed in [8] , [9] .
In the case m ¥ 2¢ the primary condensation point is the quadratic "quarter Gauss sum"
By Corollary 2, this quarter Gauss sum satisfies
Formula (1.26) is made more precise by the following asymptotic expansion for Q N proved in Section 4. 
in the table are the well known (signed) Euler numbers. Springer numbers and their relationship with Euler numbers are discussed in [9] .
From Theorem 5, we have the following asymptotic expansions for large integers N in fixed congruence classes modulo 4 
Theorem 6 If N
In Section 3, we estimated incomplete Gauss sums of order m in the vicinity of the spirals surrounding the primary condensation point S m
¤ ©
In Section 5, we estimate incomplete Gauss sums of order m in the vicinity of the spirals surrounding each satellite S m
where h is a fixed positive integer. For this purpose, define the sums
for integers A¢ C © In Theorem 1, we estimated sums of the form
Theorem 7 below, proved in Section 5, estimates the related sums
for each positive integer k¢ where the integers A¢ C satisfy, for some small positive constant ε¢ B 2k 
with x as defined in (1.40) . In particular, 
¢ where x is defined in (1.40) .
We prove the following result in Section 5: 
The significance of (1.47) is as follows. While the number of summands in the sum S m 
between the two edges that intersect at V . When
is near an even multiple of π, the edge vectors at V have nearly the same direction (i.e., the "spiral curvature" is nearly 0), and so V will be near a spiral endpoint. When £ V ¤ is near an odd multiple of π, the edge vectors at V have nearly opposite directions, and so V will be near a condensation point. As we traverse the graph from a spiral endpoint to a condensation point, our path is a (polygonal) spiral winding in a counterclockwise direction. Proceeding from a condensation point to a spiral endpoint, the path is a spiral unwinding clockwise.
Let W be the vertex on a spiral whose two edge vectors are essentially perpendicular. It is interesting to note that all of the points on this spiral between its condensation point and W are constrained to lie in a single disk of radius We thus see that for each positive integer k¢
Moreover, for each positive integer k,
In view of (2. 
Integrating by parts J times, we obtain
By (3.4) and (3.6), we have, for any positive integer J,
where g
Integrating by parts in (3.8), we obtain
it follows from (3.10) that
Integrating by parts in (3.12), we obtain
Therefore, summing yields 
where the last inequality follows because, with the change of variable
we have
We now examine 
By (3.20) and (3.21),
Therefore, by (3.18) and (3.22), formula (3.14) yields
Combining (3.23) with the case J ¥ 2 of (3 .7), we obtain 
where the interchange of integration and summation in (4.2) is justified by absolute convergence. Since v 1, we have
uniformly for u ¡ 0¢ 1¢ . Also, 
Since 4πiBv ¥ 2πiNv 2 , (4.7) can be rewritten as
The term for j ¥ J 1 in (4.8) may be absorbed into the error term. Adding (4.5) and (4.8) we obtain
To prove Theorem 5, we must show that 
Therefore, it suffices to prove the following equality of formal power series in t ¥ 1 N:
we can rewrite (4.14) as
To prove (4.15), we will show that the coefficients of t r r! are the same on both sides, i.e., we will show that Thus, (4.21) simplifies to
it follows from (4.23) and (4.24) that (4.18) is equivalent to
The desired result (4.25) now follows from (1.28) with y where
Gauss's evaluation of the classical quadratic Gauss sum is [1, p. 15]
Separating even and odd j in (4.29), we have
Theorem 6 now follows from (4.28), (4.31), and (4.30).
The satellite condensation points
Fix a positive integer k
©
We begin this section with a proof of Theorem 7, which estimates incomplete Gauss sums of order m in the vicinity of each of the two spirals which meet at the spiral endpoint S m Proof of Theorem 7. We will prove only that
since the proof that S m
1¤ is completely analogous. Define
By ( 
With the change of variables w
where β is the constant β :¥ y x 1 and
we can apply the method of stationary phase [17, (3.22) ] to approximate the integral in (5.10). The result is Proof of Theorem 9. We will prove only (1.47), since the proof of (1.48) is completely analogous. Define and it is easily seen from the mean value theorem that
Thus, the integration by parts formula (5.7) shows that
This proves the desired estimate (5.16).
Appendix
Lehmer [10, Theorem 3] employed the principle that as the graph starts spiraling inwards, it remains confined to a disk. This highly intuitive principle is not trivial to justify. Indeed, Lehmer himself offered no proof. It was not until 7 years later that a proof was published, by Loxton [11, p. 159 ]. Although we have not directly appealed to this geometric argument, it has provided motivation for this paper and others on exponential sums. Loxton's proof is so short and ingenious that we take the liberty of reproducing it here. 
Theorem 10

